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Satellite Potential in an Ionized Atmosphere

Noruan C. JEn*
City University of New York, New York, N. Y.

A self-consistent field theory involving the Vlasov equation and the Poisson equation is
applied to the study of the potential field around a spherical satellite, the Coulomb drag, and
its wake trails in an ionized atmosphere. It is considered that undisturbed particles have a
Maxwellian distribution of speeds with large mean free paths in comparison with the Debye
length. In the vicinity of the sphere, both the incident and the reflected distribution funec-~
tions are considered. Itis found that the electrical potential around a rapidly moving satellite
is not in the form of spherical symmetry, which is a new and essential contribution to the
existing state of knowledge on this subject. From this nonspherical potential field, the
Coulomb drag is easily formulated, and the characteristics of the wakes behind the satellite
are readily predicted. The theoretical value as computed for Explorer VIII satellite leads to a
potential of —0.156 v, which is in close agreement with the actual observed measurement of
—0.15 v. This analysis also presents a method of obtaining results from the nonlinear and
self-consistent set of Vlasov-Poisson equations.
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Introduction

HE problem considered in this investigation -is that of

determining the potential field around a spherical satellite
traveling at a constant speed in an ionized atmosphere. At
the altitude of 500-1000 km, the satellite speed is several
times the mean thermal speed of the atmospherie ions and
many times smaller than the mean thermal speed.of the elec-
trons. Because of this, differences in charge density and in
ion flux between the front and the rear of the satellite should
be expected. As a consequence, the usual assumption of
spherical symmetry of the potential field around a rapidly
moving satellite becomes no longer valid, and a new investiga-
tion of the potential field around the satellite becomes neces-
sary. It should be pointed out that the determination of the
potential is of paramount importance since the satellite drag
is directly derived from the potential. The purpose of this
paper is to show a method for determining the nonspherical
potential field around a spherical satellite by using the Vla-
sov-Poisson self-consistent field equations. It is also in-
tended to show that the Coulomb drag and the satellite wake
characteristics are closely associated with this nonspherical
field. In the problem discussed in this paper, the distribution
of ionized particles around the satellite is considered to be the
main cause for the formation of the potential field. Such
factors as the photoelectric effect and the earth’s magnetic
field are neglected.

In this paper, the kinetic temperatures for electrons and
ions are considered to be equal or comparable. In the pres-
ence of electrons and ions of equal temperature and different
masses, the satellite must receive a larger electron flux than
ion flux before a negative potential field is established. The
intensity of this negative potential field drops significantly to
a negligible value within a distance of several Debye lengths
in a manner of plasma sheath. Outside of the sheath, the
potential is then assumed to be zero. In the undisturbed
state, the speeds of charged particles, electrons, and ions
are assumed to be in Maxwellian distribution and their
mean free paths are large as compared with the Debye length.
This consideration implies that the collision effect for a
charged particle is small during its passage through the thin
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sheath, since the time interval between collisions is much
larger than the time interval for the particle to pass through
the sheath. This consideration does not necessarily imply
that those particles are collisionless in the ionized atmosphere.
The diameter of the satellite is considered to be rather large in
comparison with the Debye length or the thickness of the
sheath. For instance, the Debye length at the altitude of
interest is in the order of centimeters, and the diameter of a
satellite is in the order of meters. This consideration justifies
the use of a plane-configuration approach. This analysis
then involves only one space coordinate r but still retains the
three velocity components of the particle.

Two Stream Functions and Potential Profile

A set of moving coordinates is chosen such that its origin
coincides with the center of the sphere and the 2 axis is parallel
to the direction of satellite motion. Referring to this set of
coordinates, the ionized gas can be treated as impinging upon
a stationary sphere with normal and tangential velocity com-
ponents, as shown in Fig. 1.

The undisturbed velocity distribution function of these
charged particles in an elementary volume outside of the
sheath region can be written as

fi = aexp{—82[(v: W cosf)? 4+ (v, + W sind)? + v;2]}
. €]
where o and § are the constants; and W, the relative velocity

between the satellite and the ionized gas stream. The
elementary volume is located between r, 0, ¢ and r + dr,

X

Fig.1 Spherical satellite and its coordinates.
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0 + df, ¢ + d¢. Three particular velocity components v;,
vy, and v; are in the direction of r, 6, ¢.

Within the elementary volume, the peculiar velocity com-
ponent in the radial direction ¢; ranges from + oto — .
These electrons and ions can be classified into three groups in
accordance with the value of this velocity component. The
first group is between + « and +|W cosf, the second one is
between +|W cosf| and — (2q¥/m)Y2, and the third is be-
tween — (2qo/m)V2 and — ». Here ¢y is the potential
intensity on the satellite wall, ¢ and m are the charge and
the mass of an electron, and (2qyy/m)2 is the minimum value
of the radial velocity for an electron that is required to
penetrate through the potential field and reach the satellite
wall. The first group of electrons moves away from the
satellite, since the relative radial velocity is positive. The
second group of electrons moves radially toward the satellite
but is unable to reach the satellite wall. The third group of
electrons penetrates through the potential field and reaches
the satellite wall. Of course, the first group of electrons or
ions has no contribution in the formation of the potential field
around satellite. The second and third groups are repre-
sented by a distribution curve as shown in Fig. 2. Of course,
ions of both the second and the third groups penetrate through
the potential field with accelerations and strike the satellite
wall. Those striking electrons could be neutralized with the
striking ions on the surface and then be disassociated. It is
also possible to have other complicated processes that are
not yet well understood. However, it is necessary for such
electrons and ions to be diffused out or reflected back from
the satellite surface in order to maintain a constant satellite
mass and a steady potential field. Provision for such re-
flection of charged particles against the satellite wall has been
made in the work of Massey and Burhop,® Bird,? and Brun-
din.?

Referring to the moving coordinates, the sphere is treated
as stationary, the kinetic energy of an electron in the second
group remains unchanged after reflection. For stationary
coordinates, as indicated by dotted lines in Fig. 2, the radial
velocity is increased by 2W cosé after reflection in a manner
of a Fermi mechanism. An electron of third group strikes
the satellite wall; then, leaves the wall after a certain process.
The striking velocity and the reflecting velocity must be the
same from the statistical viewpoint. Otherwise, it becomes
impossible for the number density in the sheath region to be
steady. The radial velocity component of an incident elec-
tron of the second group and its reflected velocity component
are represented as point 4 and point 4’ in Figs. 2 and 3.
The electron of the third group is also represented as point B
and point B’, respectively.

The motion of a striking ion (second and third groups) is
similar to the motion of electrons of the third group, except for
the acceleration toward the wall. In other words, all those
charged particles (second and third groups) travel into or
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Fig. 2 Incident and reflected functions in radial direc-
tion (solid line is for moving ecoordinate system, and
dotted line is for stationary coordinate system).
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Fig. 3 Trajectories of electrons in phase space (A4’

represents a typical trajectory of an electron of second

group, and BB’ representis a typical trajectory of an electron
of third group). )

through the sheath region from the field-free region; then, re-
turn into the field-free region again. The kinetic energy of
each particle remains unchanged. This is equivalent to the
loss of memory of each of the striking particles about its
collision with the wall, while on the return trajectory, as if
there were no striking or collision whatsoever. Now, the re-
flected function can be written as

fo = aexp{— B + W cosf)? + (v + W sind)? + 321}
2)

Within the sheath region, the motion of an incident elec-
tron (second or third kind) can be conveniently described by
the constancy of Hamiltonian H due to the independence of
time, explicitly, and its constants of canonical momenta in
the 2 and 3 directions P; and Ps from the geometrical sym-
metry:

H = (1/2m)(P* + P2+ P + ¢¢
P = m@ — W cosb)
@
Py = mu,
P; = my;
The foregoing equations lead to
(v — W cos)? + (2¢¢/m) = const 4)
for incidental stream function. The same leads to
(v + W cos®)? + 2q/m) = const (5)

for reflected stream function. The trajectory for each elec-
tron is sketched by Eqs. (4) and (5) as in Fig. 3. The sub-~
stitution of the Hamiltonian into Eqs. (1) and (2) yields the
following functions:
f: = aexpl{— B[ — W cosf)? + (v, + W sing)? +

vs? + (2g¢/m)1}  (6)
L= aexp{— B+ W cosf)? + (v +5W sing)? 4

vt + Qgy/m)1} (D)

It is obvious that both distribution functions will auto-
matically satisfy the Vlasov equation, namely,
o L W g

3 3 + Fe'a; =0 (8)
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Fig. 4 Potential profiles.

where ¢ is the velocity vector, F, = (—g/m)(Qy/0r) is the
external force derived from the electric potential field.
Boltzmann’s H-theorem?* has proved that the results of
Eqgs. (6) and (7) can be obtained by solving the Vlasov equa-
tion.

The electron density inside the sheath region due to the
incident stream function can be expressed as

w (4o (2W cos
+_ f_mf_m " exp{— B[ — W cosh)* +

(v + W sind)2 4 vs2]}e = ¥/*T dpidvsdvs  (9)

Performing the preceding integration, the following result is
obtained:

Loge [l + erf(3-W cosf)Je— /5T

The number of reflected electrons is equal to the number of
electrons in the incident stream. Thus, the total electron
density becomes

n, = no.[1 + erf(B_W cosf) Je~ 2#/4T (10)

where 7. Is the electron density in the undisturbed state;
B- is the constant for the electron function at constant
temperature. In general, the error function in Eq. (10) is
small because of the high mean thermal speed of electrons.
By the similar calculation for ion density, the total number
density inside the sheath region becomes

n: = no[l + erf(B+ W cos) JeT /6T (11)

where no; is the ion density in the undisturbed state and B+
is the constant for the ion function at constant temperature.
Equation (11) indicates that the ion density around the
satellite increases with temperature, since, under actual

W
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Fig. 5 Nonspherical potential field around a moving
satellite (the thickness of the sheath region is enlarged).
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condition, the value of ¢¢/kT is relatively small and the
value of ne: is proportional to the temperature. Now, the
Poisson equation can be written as

Vi = —(¢/o[n. — n (12)

where e is an electric constant.

Under steady-state condition, the electric current across
an elementary area on the satellite surface must be zero,
otherwise the potential field around the satellite can not re-
main steady. The condition of zero current requires that

n0i(Cy + W cosflet ®o/4T = g0 (C_ + W cosh)et2ho/kT
(13)

where C_ and C; are the mean thermal speeds of electrons
and ions, and ¥, is the potential on the satellite wall. From
Eqgs. (12) and (13), the profile of the potential field is com-
pletely specified. These potential profiles can also be classi-
fied into three kinds in accordance with the value of §. The
first kind is of cos® = 0. Equation (13) gives a wall potential
Yo, and Eq. (12) becomes the ordinary plasma sheath equa~
tion. The sheath profile is well known, as shown in Fig. 4.
The second kind is of cosf > 0. Equation (13) gives a
smaller wall potential o, and Eq. (12) gives a potential pro-
file with larger curvature in comparison with the first kind.
The third kind is of cosf < 0. Equation (13) and Eq. (12)
lead to larger potential and smaller curvature in comparison
with the first kind. Three corresponding potential profiles
are shown in Fig. 4. For a certain value of potential i, these
potential profiles give three radii », r,, and r; at the three
corresponding values of §. By plotting 71, r5, and r; in Fig. 5,
the equipotential surface (or line) around the satellite is ob-
tained.

As the speed of the satellite increases to the order of several
times the mean thermal speed of ions, Eq. (13) indicates that
the negative potential ¥, becomes extremely large in the rear
part of the satellite. This high potential field attracts the
ion streams from its surroundings; the motion of the ion
streams now becomes similar to the Rand’ sink formulation
and resembles the flow pattern of two-stream instability.s
Such instability indicates the existence of ion oscillation with
high frequency and small damping. Small damping leads to
a long wake trail behind the satellite.

The difference in ion density along a diameter of the satel-
lite is & function of the angular position and the undisturbed
ion density, as indicated by Eq. (11)

Kny: erf(,8+W 0080)6+q‘1'0/kT 0<i< (7I'/2) (14:)
where K = 2 for a satellite speed less than the mean thermal
speed of the ions, and K = 1 for a satellite speed greater than
the mean thermal speed. The Coulomb drag force on the
satellite ' due to the charged ions can be calculated by

/2
f— ﬂ 7 et av/ET $inogdy (15)

where a 1s the radius of the satellite, and p is the difference of
pressure intensity along a diameter of the satellite. In Eq.
(15), p is given as

p = Kng; erf (B8 W cos®)kT (16)

which is a known result from the kinetic theory of gases. In
the foregoing calculations, the electron part is considered to
be negligible.” 8

Conclusion

Based upon the assumption of large mean free paths, the
concept of incident stream function and reflected function
has been developed. At the altitude of 500-1000 km, this
assumption is well justified since the mean free paths are in
the order of hundred meters, and the corresponding Debye
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length is in the order of several centimeters. The introduc-
tion of two-stream functions makes it possible to include the
satellite speed in the self-consistent equations. This analy-
sis determines the potential field around a moving satellite,
which is shown not to have spherical symmetry. Further-
more, the determined potential field is significantly associated
with the calculation of Coulomb drag, as indicted in Eq.
(15). Two-stream instability prediets a long wake trail be-
hind the satellite and high frequency of oscillation which
agrees with the fact. By using the actual data of Explorer
VIII® and the data of the upper atmosphere? (satellite speed
= 7.4 X 103 m/sec), the mean thermal speed of electrons =
2.06 X 10° m/sec at the altitude of 1000 km, the mean ther-
mal speed of ions = 1.20 X 10° m/sec, and the temperature
= 1100 °K; Eq. (13) then gives as tagnation potential of
—0.156 v as compared with the actual measurement of —0.15
v. Of course, the agreement of the surface potential with the
experimental one is not a test of the potential distribution,
but only of Eq. (13) and, to a lesser degree, of the assumption
concerning the surface interaction. However, the inter-
pretation® of Explorer VIII data supports qualitatively the
nonspherical potential field.
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Optimum Estimation of Satellite Trajectories Including

‘Random Fluctuations in Drag

H. E. Ravce*
Lockheed Missiles and Space Company, Palo Alto, Calif.

This paper considers the problem of trajeciory estimation for a low-altitude satellite when
random fluctualions in atmospheric density cause noticeable changes in the motion. The
standard deterministic model for satellite motion is replaced by a stochastic model; optimum
estimation theory is used to obtain the best fit to the data and the model. To test the efficacy
of this approach to the problem, a particular stochastic drag model and the corresponding
estimation procedure have been incorporated into a computer program called ‘‘orbit fit,”
which is similar to one used for actual flights. The effect of drag is calculated from a standard
variation of parameters with an exponential atmosphere, whereas the stochastic part of the
model is based upon a first-order stationary Gauss-Markov stochastic process. Both radar data
and Baker-Nunn optical data from low-altitude satellite 1960 Omicron have been run on the
program, and the results are shown to be a significant improvement over those using a deter-
ministic model, i.e., the in-track residuals are reduced from thousands of feet to hundreds of
feet. In addition, the consequence of changing the correlation and variance of the stochastic
model is examined. The correlation had less effect over the rms residuals than the variance.
In particular, for too small a variance, the residuals reduced to those of the deterministic
model, whereas for too large a variance, the residuals resulted in unstable oscillations in the
estimation procedure.

1. Imntroduction

six parameters. These six might be the position and velocity

HE problem of estimating the trajectory of a satellite ean
be stated as follows: Given a series of measurements of
the position of a satellite, calculate the set of parameters which
specifies the path of the satellite. When air drag can be neg-
lected, the motion of the satellite is completely determined by
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at some initial time, or a set of six orbit elements at the time
of the ascending node. From the six parameters, the current
and future motion can be determined by numerical integra-
tion of the acceleration due to the earth’s gravitational field
or from a closed-form approximation to the integrated motion.
In general, when drag is included, the assumption is usually
made that its effect can also be represented as a deterministic
phenomenon (for instance, as a polynomial with undeter-
mined coefficients). This treatment may be adequate as long
as drag is not a significant factor in the satellite motion.
However, for many satellites, the deterministic model cannot
represent the motion correctly. Fluctuations in drag (some-
times correlated with solar activity) can cause substantial



